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. SOBOLEV SPACES

The concept of the partial derivative of a function is generalized.
unctions having generalized derivatives up to a certain order can be
hown to form a Hilbert space, the so-called Sobolev space of that order.
he further part of this section is concerned with the description of some
roperties of these spaces, among which the fact that Sobolev spaces can

e imbedded in other spaces is of great importance.

.1. Standard notations. The usual notations will be employed. Throughout

his report x = (Xl""’xn) is a variable point in the real n—-dimensional

uclidean space R™; the Euclidean length of x is |x| = (x§+...+x§)%; Di =
8/8xi, pP = Dll...Dnn where Pys»+-+5P  are non-negative integers and p =
(p],...,pn), lpl = Pyte.*p . Given an open set 9 in Bfl,we shall denote

y Cm(Q), m=0,1,2,...,%, the set of all complete valued functions that are
ontinuous in Q together with their first m derivatives, and by Cm(ﬁ) the
et of functions that have this property uniformly in . If the boundary
Q of Q is "sufficiently" smooth —-it will be explained later on more pre-
isely which conditions should be imposed on 3Q—, then Cm(ﬁ) is exactly
he set of functions of which the derivatives up to order m may be consid-
red as continuous functions on Q. The subset of Cm(Q) of all functions ha-
ing a compact support in Q ié denoted by Cg(Q).

Now take m = ~, The set C:(Q) can be regarded aé a linear space. If
ne additionally introduces a certain topology on CO(Q), the topological
‘ector space D(R) is obtained. A continuous linear functional on D(Q) is
alled a distribution in Q. Elements of C;(Q) are usually denoted by ¢,
nd frequently the notation <f,¢> is used when meaning that f is a distri-
ution in Q.

The norm of an element of the Hilbert space of square integrable func-
ions in @, LZ(Q), is defined as

1

2 2
ey o = (| 1o a)
? Q

nd the inner product as




(£,8) g = JQ £(x) g(x) dx,

Finally, let u be a function defined in Q; its restriction to a region

| © Q is usually denoted by u|Q .
1

.2, Definitions. If the distributional derivative v = pPu belongs to LZ(Q),

t is said that v is the p-th weak derivative of u. Since in that case

J v ¢ dx = <0Pu,¢> F -y !Pley 0Py = (1) /P f Py dx,
Q

Q

ne can also define the p-th weak derivative as the function v € LZ(Q) sat-

sfying
W)y o = CD'PL e o

et m be a non-negative integer, and Q an open set in R". Then the m-th
obolev space Hm(Q) by definition consists of all functions u having weak

artial derivatives up to order m. The scalar product of Hm(Q) is defined

S

(u,v)m Q" z I pPupPv dx.
i lplsm ‘@

he norm associated with this scalar product is written as lhﬂlm Q° When
9
oonfusion is unlikely, the index Q is often suppressed.

Notice that HO(Q) = LZ(Q). From the definitions it follows that
o k m 2 .
CO(Q) cH (Q) cH () < L°(Q) if k2m=0,

there the inclusions should be taken in the set theoretical sense. The fol-

.owing theorem is not hard to prove.

.3. Theorem. The space Hm(Q) as defined above is a Hilbert space in the

lorm ll.llm,ﬂ'

'roof: See Wloka [1969], p. 2. 0O




.4. Remark. An alternative definition for Hm(Q) can be given in the fol-
_— . . ‘
owing manner. Let c® () denote the normed linear space of all functions
in Cm(Q) having finite norm ||ull qQ° A sequence (uk):_1 is a Cauchy se-
. m* . s -
uence in C (), if

Il > 0 as k,8>°, 0 < |p| < m.

p. _ P
I1D%wy = D7uy lly g

L

. . . , . . 2 .
here now Dpu means the derivative in a classical sense. Since L7 (Q) is a

k
omplete space, Dpuk converges to a certain u(p) € LZ(Q). One is accustomed
o call u(p) the p-th strong derivative of u. The m—th Sobolev space is

hen defined to consist of all functions u € LZ(Q) for which there exists
. Cauchy sequence (uk) in Cm*(Q) such that IIu—t.LkIIO’Q + 0 as k » =,
For very general domains @, the two definitions are equivalent. Fried-
an [1969], p. 14 ff., gives a proof in case Q is bounded, Agmon [1965],
. 11 ff,, in case Q satisfies a certain, easily fulfilled, condition."
Note, that once this equivalence is established, H™(Q) can be seen as
he completion of Cm*(Q) with respect to the norm H-IIm Q° and even of
‘w’m*(Q), by which we mean the linear normed space of ala functions u of

lw(Q) with finite norm Ihlﬂm We shall be in need of a classification of

Q°
3
. . n . .
he types of boundaries an open set in IR can have. First of all there 1is
he rather general cone condition. Besides we have more specific smoothness

.onditions.

.5. Definition, (See figure 1.1). An open set Q < R" is said to satisfy
he cone condition if there exists a fixed spherical cone C with a certain
pening and height, such that for each x € Q one can construct a cone C'
ith vertex x congruent to C that lies completely within Q.

A X

Figure 1.1 Figure 1.2
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A direct consequence of this lemma is that if 38Q is Lipschitz continu-

us, if ueHg(Q) n Cm_l(ﬁ), then DPu =0 for all p with |p| < m-1.

[.9. Leima. If @ is bounded and 3Q of class Cm, if u € Cm(ﬁ) and if DPu = 0
for |p| < m~1, then u € HE(Q).

>roof: See Agmon [1965], p. 130. [

|.10. Definition. If 3Q is of class Cl, the normal to the boundary 30 ex-
lsts everywhere. In that case for functions u € c™(Q) the property pPu = 0
at 3Q for all p with |p| < m~1 is equivalent with Bju/B\)j = 0 at 3Q for
j=0,...,m~1, where 3/3v denotes the derivative along the outward normal to
). Lemmas 1.8 and 1.9 thus justify the following definition. If u € Hg(Q),

chen u is said to satisfy the homogeneous boundary conditions
odu/ov? =0,  j=0,...,m-1

‘n the generalized sense. In the next section we shall see how the concept
>f generalized boundary conditions is used in connection with boundary value

problems.

Now consider the identity mapping Hk(Q) > Hm(Q), k >m = 0. It is eas-
Lly seen that this mapping is continuous. This is a very simple example of
in imbedding theorem. The following theorem, due to Rellich, states a

stronger result.

|.11. Theorem. Let Q be a bounded domain in R". Then the identity mapping
[:Hg(ﬂ) > Hg(ﬂ) is compact for any k > m = 0. If the boundary of Q is Lip-
schitz continuous, the identity mapping Hk(Q) -> Hm(Q) is also compact for

< >m == 0,

>roof: See Agmon [1965], p. 29 ff. and p. 99, Friedman [1969]1, p. 31. 0O

Often we wish to bring the m-th Sobolev norm of a function in connec-
tion with the traditional sup—norm. This is done by means of the next theo-

rem.

[.12. Theorem. Let Q be a bounded domain in Iflsatisfying the cone condi-




If u is a function in Cm(Q) n Hm(Q), and if m > n/2,

sup |u(x)| < const. |lull

H
xef m, &

the constant only depends on n and the opening and he

: Friedman [19691]1, p. 22. [0

lhis section is concluded by an important imbedding th
which cases a function having generalized derivatives

3s a function with classical derivatives.

Theorem. (Sobolev) Let Q < R"be a bounded domain hav
cty, and let u belong to Hm(Q) for some m. If k = 0 sa
ity m > k+n/2, then u can be ;edefined on a set of mea
1 way that it belongs to Ck(Q). One usually expresses
>usly by saying that for m > k+n/2 H(Q) < Ck(Q).

: Friedman [1969], p. 30, Agmon [1965], p. 32. [

et us introduce for u € Ck(Q) the norm

|Hu|Hk Q= Y sup |Dpu(x)|
’ Ipl<k xeQ
. k .. -, k
1e normed linear space C*(Q) consisting of all u in C
(1.4). From theorem 1.12 it can be easily concluded th
ipping u > u defines a bounded imbedding of H'(Q) into
>unded domains Q with boundary belonging to class CO’1

= Ck(ﬁ), theorem 1.14 has the following corollary.

Corollary. Let Q < R" be a bounded domain, and its bo
Co’l. If m > k+n/2, then Hm(Q) c Ck(ﬁ); moreover, the

- Ck(ﬁ) defined by the identity mapping is continuous




. THE GENERALIZED DIRICHLET PROBLEM

The essential feature of Hilbert space methods for elliptic partial
ifferential equations is to translate the boundary value problem into a
o-called generalized problem of finding the solution of an equation in a
ilbert space expressed in terms of a bilinear form defined on that Hilbert
pace. Afterwards one then shows in which circumstances the solution of the
eneralized problem is also a solution to the problem originally stated. In
nis section we shall give a formulation for the Dirichlet problem for el-

iptic equations. In section 5 other boundary conditions are considered.

.1. Definition. The differential operator

n n
= - . .. .° . .o+ °
2.1) L= ‘2_ Dl(alJ(x)DJ ) + A a; (x)D; a (%),
1,j=1 i=1
here the coefficients aij are real or complex valued, and, for the moment,
re supposed to be sufficiently smooth for the operator to exist, is called
1iformly strongly elliptic in an open set < R", if there exists a con-

tant E > 0 such that

n n 2 2
2.2) Re Z_ a; (g, 2 E 'Z le; 1" = E |g]
1,j=1 1=1

or all £ ¢ R and x € 2. The constant E is called the module of ellipti-

Lty.

.2.Dirichlet problem. We now give a description of the Dirichlet problem

or a second order elliptic differential operator. Consider a bounded do-
ain ¢ < R"with continuous boundary 9. Let L be a uniformly strongly el-
iptic operator in 2, and let f and g be given functions defined in Q and
n 3Q respectively. The Dirichlet problem then consists of finding a func-

ion u satisfying

2.3) Lu=£f 1in Q,

]

2.4) u=g on 3N,




If a function u belongs to CZ(Q), ard satisfies (2.3), it is called a
‘lasstical solution of the equation (2.3). A function u € CO(S-I) is said to
atisfy the boundary condition (2.4) in the eclassical sense. If u ¢ CZ(Q)

Co(ﬁ) and if u satisfies (2.3) and (2.4), then one calls u a classical
olution of the Dirichlet problem (2.3), (2.4).

In this stage of the exposition we wish to consider homogeneous bound-
ry conditions only. This would be no loss of generality, if we had a theo-
em establishing the existence of a (sufficiently smooth) function F defin-
d on ﬁ, satisfying (2.4) on 3R, since in that case we could consider w =

u-F, being a solution of the Dirichlet problem with vanishing boundary '
onditions

T e 1ping,

Lw

w=20 on 99.

t can be proved that such a function exists if & and 3Q satisfy certain
onditions. Friedman [1969] gives a proof for the simple case one obtains

f one imposes rather strong conditions on 9. A general theory which tells
s how to deal with inhomogeneous boundary value problems in the Hilbert
pace setting is found in Lions and Magenes [1968], Necas [1967] and Treves
1975]. A survey on this theory is given in Coolen [1977]. Here, we merely

ostulate the existence of such a function F.

.3. Bilinear forms. We wish to discuss in a more or less heuristic fashion

he introduction of bilinear forms in connection with elliptic differential

quations. Let us coasider the Dirichlet problem with homogeneous boundary

ata
2.3) Lu=f in®,
2.5) u=20 on 9%,

nd let u be a classical solution of this problem. Then for all ¢ ¢ C;(Q)
(Lu’(b)o’g = (f)(b)o’ﬂ‘

y integration in parts we obtain




n n

(.—QL Diaij(X)Dju’¢)0 = . z (a-j(x)
i,3=1 1]

ence, if u is a classical solution of equation (

€ CO(Q)

n

n
2.6) i’§=l(aij(x)Dju,Di¢)O + izl(ai(x)Diu,da

f we now define for u and v belonging to CI(Q) t

n n
2.7) B(u,v) = i’JZ=1(aij(x)Dju,Djv)O + iz (a

hen we may write (2.6) as
2.8) B(u,¢) = (f’¢)0,9 for all ¢ € CO(Q)

t is clear that B(u,v) is a bilinear expression.
orm assoctated with L. Observe that it can be de
ive conditions on the coefficients aj; than is p
f the operator L. In fact aij(x) € LZ(Q) is alre
f one allows generalized derivatives, then B(u,v
LV € HI(Q). In that case L in (2.1) is not a dif
lassical sense; but L does of course have a mean

ense.

The formal adjoint of L is defined as

n
2.9) = -) D.(a;, (D) - .

n —
) L D;(a;(x
1,3=1 =

1

ssuming the coefficients aij to be continuously

btains the equality

2,100 (Lo,W), o = (4,L70)  ,  for all ¢,y

re for all

d))O = (f,¢)0-
m B(u,v) as

+ (aO(X)u,V)O,

d the bilinear
less restric-
he definition
nt. Moreover,
ined for all
erator in the

istributional

le, one easily




.ght hand side of (2.10) also exists if one takes for ¢ a function

) s

"(R), the left hand side does not. This leads us to the concept of

solution: a function u is called a weak solution of Lu = £ in Q, if

)
'(QO) for all QO with @ < Q, and if

0

» (u,L*¢)0 q = (f,¢)0 Q for all ¢ € C;(Q).

£ is assumed to be square integrable. Some authors call u a strong so-
1 of the equation Lu = f, if u ¢ HI(QO) for all QO with 50 cQ, and if
B(u’¢) = (f’q))O’Q for all ¢ € Co(Q)’

B is the bilinear form associated with L. Slnce, by definition, C (Q)

1se in H (R), (2.12) remains true for all ¢ € H Q).

low the follow1ng assertion can be easily proved 1et a;.,a; belong to
a. belong to C (2), and let u be a function in H (Q ) for any Q

0 0
). ©Q, then u is a weak solution if and only if it is a strong solu-

gherefore we are legitimated to forget the distinction between weak
:rong in most cases, and to speak simply of generalized solutions of
juation Lu = f,

n the preceding section we have already given a generalized notion of
wundary condition (2.4). Additionally, we introduce the following ter-

1gy. The problem of finding a function u e Hé(Q), satisfying
1
B(u,v) = (f’V)O,Q for all v € HO(Q),

fe LZ(Q) is a given function, is called the generalized problem for

(2.4), or the generalized Dirichlet problem for homogeneous boundary
A solution of the generalized problem is called a generalized solu-
f the Dirichlet problem (2.3), (2.4). In this terminology we state

1lowing theorem.

‘heorem. Let @ be a bounded domain with continuous boundary, and let

€ CI(Q), a. € CO(Q). If u is a generalized solution of the Dirichlet

0
m for homogeneous boundary data, and if u € CZ(Q) n CO(Q), then u is




a classical solution.

Proof: From 2.3 it easily follows that u is a classical solu
quation. That u satisfies the boundary condition (2.5) in th

sense, is a consequence of theorem 1.10. [J

2.5. Example. Consider in Q < R" the Dirichlet problem

-Au =£f in Q,

0 on 39.

u

where A is the Laplace operator Z?= Bz/axi;‘—A is elliptic

1
ty module 1. The bilinear form associated with -A is the Dir

(Zntegral)

(2.13) D(u,v) =

. (Diu,Div)

. 0,0

o~
he~g

J DiuD.G dx =
179 L i

The generalized Dirichlet problem reads: find u € Hé(ﬂ) such

D(u,v) = (£,v) , for all v e Hé(Q).
3

Now let Q be bounded, and ¢ € Cg(Q). Then there exists a cub
such that © = C. One has

X
n

¢(x],...,xn_1,xn) = J_C Dn¢(x1,...,xn_l,in)d£n.

Applying the Cauchy-Schwarz inequality, one obtains

c
2
_l,xn)| < 2c J_c an¢(xl,...,xn_1,£n

l¢(x1,...,x

Integration of this result with respect to X in the interva

c 2 2 c
J_C [¢Cxysennnx _15x )7 dx < be J_C LRICHS

11

f the e-

sical

lliptici=~

: form

¢ | Ix] < e}

c) yields

)| dE .




ced integration with respect to the remaining n-1 variables
:sult »

n

2 2
el g s 4 ]

L llDi¢|IO,Q for all ¢ € CO(Q).

yove argument remains true if Q is bounded in one direction,

Combining (2.13) and (2.14) one finds

) KD(u,u) > [lull® for all u e H (Q)
s 0,9 0 s

is known as Poincaré's inequality. One also has

2 2
Dl g = DGwu) #+ Hlullg o S (140D Cu,u)

9
1 u e Hé(Q), from which it follows that D(u,u) may be used
ilent to IIuIII. O

definition. Let V be a Hilbert space with norm ||. ”V’ and le

>ilinear form defined on V. If, for some positive constant
' 2
Re B(u,u) = const. HuIIV for all u e V,

:alled strongly coercive over V.

[n view of (2.16) D(u,v) is strongly coercive over Hé(Q). We
an inequality for bilinear forms which are associated to mor

:ly elliptic operators.

[heorem. Let L be the uniformly strongly elliptic differenti
1 © © R" of definition 2.1. Let further B be the bilinear fo
vith L. Assume further that the coefficients ai(x) are unifo
:d in Q. Then there exist constants c > 0 and AO > 0 such th

2 2
) Re B(u,u) 2 cEHuH1 - AO[!UHO
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or all u € HI(Q), where the constant c only depends on n, and A, only on

0
, E, and on sup {Iai(x)l | x e 9, i=0,...,n}.

roof: Since the argument of the proof is both elementary and clarifying,
e-give it here. For simplicity we assume the coefficients and all functions

ccurring to be real. Using the uniformly strong ellipticity of L, we obtain

n n :
B(u,u) = . Z (aiiju,Diu)0 + z (aiDiu,u)0 + (aou,u)O
i,j=1 i=1
S 2 2 2
> E ilelDiull0 - (izll(Diu’U)()' + IIuIIO),

here the positive constant c, is depending on the upperbound of ai(x),

1
=0,1,...,n. As for arbitrary € > 0

) 2 -1 2
< <
2 1(;u,w) gl < 2 lIDgullgllully < e [IDgullg+ e llullg,
t follows
n
2 -1 2
B(u,u) 2 (E - c ) izlnniuno nc, e ||ul|0.

y an adequate choice of € one obtains (2.]7). 0

Inequality (2.17) is a special case of the so-called Garding's ine-
uality. It expresses a somewhat weaker property than strong coercivity.

n connection with this observation the following definition should be seen.

.8. Definition. Let H be a Hilbert space with norm H-IIH, and let V be a
inear subspace of H that is dense in H. Suppose that V in its turn has a
orm || ”V in which it is a Hilbert space. Suppose further that IhJHH <
const. IhJHV for all u € V. A bilinear form B(u,v) defined for u,v ¢ V
s said to be coercive over V, if there exist constants ¢, > 0 and ¢, 2 O

1 2
uch that

2 2
2.18) Re B(u,u) 2 clllullV czllullH




1 ueV,

‘heorem 2.7 can be reformulated as follows: under the conditions g
B(u,v) is coercive over HI(Q). An important special case of an el

yerator L is considered in the next theorem.

'heorem. Let L be the strongly elliptic operator

n .
Le = .—.2_ Diaij(x)Dj- + ay(x),
1,j=1

ao(x) satisfies for some %y ao(x) > 4y > 0 for x € Q2. The biline

1ssociated with L, i.e.

n

B(u,v) = . %_l(aiiju’Div)O,Q + (aOU’V)O,Q
j=

rongly coercive over HI(Q).

: The result follows from

o 2 2
Re B(u,u) = E izl |[Diu.||O + % IthO. g

Ve have given a number of coerciveness results for bilinear forms
:ed with second order elliptic equations. The existence theory in
section is based on the coerciveness of bilinear forms. But before
:ding to the existence of solutions we wish to generalize the abov

:s for higher order elliptic equations.

Definition. The differential operator of order 2m

) L = ) (-D‘ple(a (x)p%+)
lpl,lqlsm pPd

.d to be uniformly strongly elliptic in a domain @ c R, if there
1 constant E > 0 such that

Re E a (X)F,p+q > E lE!zm

Ipl=lql=m P9
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or all x e Q and & € th Notice that in (2.19) not the most general 2m-
h order elliptic operator is defined. Nearly all authors restrict them-

elves to this type of operator.

.11. Dirichlet problem for higher order equations. Let @ be a bounded do-

ain in Bfl, with continuously differentiable boundary. The Dirichlet prob-

em for the uniformly elliptic operators of order 2m

2.20) Lu = £ in Q
s obtained by requiring
2.21) 3du/avd = g; on 38, j=0,...,m-1,

here f and gj, j=0,...,m-1 are given functions. In the same way as for
econd order elliptic equations we shall confine ourselves to the Dirich-
et problem with homogeneous boundary data.

The introduction of bilinear forms is performed in the same fashion
s was done for second order operators. Let ¢ be any function in C;(Q),

hen a classical solution u of (2.20) satisfies

(Luscb)o,ﬂ = (f’¢)0,§2 .
ntegrating the left hand side by parts, one finds

2.22) ) (a_ (x)D%u,DPp)

= (£,¢)
1ol lql<m 0,0 770,80

‘or all ¢ € C:(Q). Allowing generalized derivatives, one can define for all

L,V € Hm(Q) the bilinear form associated with L
2.23) B(u,v) = y (a_ (x)D%u,DPv) .
: 0,2

lpl,lql<m

The concept of generalized solution of the equation Lu = £, in case L

s a 2m-th order elliptic operator, shows no difference with the case of
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second order equations. Exactly as one might expect, the operator

x -nlal pag pr.
L ) -1)'%p G D )

lpl,lql<m
is called the formal adjoint of L (note that L = L" if the coefficients sat-
- 2 -
i = . §2 2 i 94 £ i
isfy apq aqp If ue L°( O) for all 0 with 0 <% and if

(2.24) (u,L*¢)0’Q = (£,0)g o forall ¢ e C;(Q),

then u is called a weak solution. And, as expected, u is called a strong
solution if u e Hm(QO) for all @, with 50 c Q, and if

B(u,) = (£,6)g o for all ¢ e C (a),

. . . . 2
where f is some given function belonging to L™ ().
Just as in the second order case, one may overlook the distinction be-
tween weak and strong solution, because of the validity of the following

lql

assertion: let a_ _ belong to C (2) for all multi-indices pq, and let u

be a function of Hm(QO) for any QO with 50 < Q, then the concepts of weak
and strong solutions are equivalent.

Finally, the problem of finding a function u ¢ Hg(ﬂ), such that
(2.25) B(u,v) = (f’V)O,Q

holds for all v ¢ Hg(ﬂ), will be called the generalized Dirichlet problem
with homogeneous boundary data for the equation Lu = f. Analogous to theo-

rem 2.4 one has:

2.12, Theorem. Let © be a bounded domain with continuously differentiable

boundary, and let apq(x) belong to both Clpl(Q) and CIqI(Q). If u is a gen-
eralized solution of the Dirichlet problem for the equation Lu = f with ho-
mogeneous boundary data, and if u € sz(ﬁ) n Cm_l(ﬁ), then u is a classical

solution.

Proof: Combine the results of 2.11 and theorem 1.10. Observe that the C1




voundary is only needed to be able to define the normal to tl

wery point of 3Q. [

'.13. Example. Consider in < R" the Dirichlet problem

Au = £ in @,
u = 93u/dv =0 on 39,

there A is the Laplace operator; AA is called the bZharmonic
yperator. To show that AA is uniformly strongly elliptic, om
.ate the sum

gPed

a
, P4

lpl=Iql=

jince 8 = 1 for |pl=lql=2, p = q and only one P; in p = (p
:qual to zero, apq = 2 for |p|=|q|=2, p = q and only two P;>
tero, and apq = 0 otherwise, one finds ’
4

a ePed = |g)”,

Ipl=lql=2 P9

'he bilinear form associated with AA is

2.26) B(u,v) = (Au,AV)O q
9

thich is defined for all u,v € HZ(Q).

In order to prove the strong coercivity over Hg(Q) of tI

form, we need an inequality that is derived by repetitive ap
2.14)

n n
2 _ 2 2 2
llolly = lelg + ) lpgellg + } linp.ellg
i=1 1,3=1
<cp L lpgelig+ § IDDoollg <e, )

i=1 i,j=1 i

-
.

ndary

rentia

calcu

p ) is

equal

linear

ion of

oIz,




'8

Because the last quantity is equal to IIAuﬂg, it is shown th
2 2

(2.27) B(u,u) = (Au,Au)0 > c3lh1H2 for all u e HO(Q).

The generalized Dirichlet problem with homogeneous boundary

a u e HS(Q) such that
- . 2
(Au’AV)O’Q = (f’v)O,Q for all v € HO(Q).

The following theorem is merely a generalization of the

lishing (2.27).

2.14. Theorem. Let L be a uniformly strongly elliptic operat
stant coefficients in Q (2 bounded in at least one direction

derivatives of order less than 2m occur, i.e.

(pl p+q
Le= z (-1) a D .
Ipl=lq|=m Pd

Then the bilinear form associated with L,

B(u,v) = ) " (a quu,Dpv)

0,0
lpl=lql=m i

is strongly coercive over H?(Q).

Proof: See also Agmon [1965], p. 80, or Friedman [1969], p.

The generalization of theorem 2.7 for higher order elli
is far more difficult to prove. Here we just state the resul

as G&rding's inequality.

2.15. Theorem. Let Q < R" be a bounded domain, and let the o

>y (2.19) satisfy the following conditions:

(L1) L is uniformly strongly elliptic in @ with a module of
(L2) the coefficients apq(x) of L are uniformly bounded in

(L3) the principal coefficients (|pl=|q|=m) are uniformly c

s to find

lent estab-

h con-

which no

O

perators

is known

r L given

ticity E;

ous in .
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e . . . . m .
hen the bilinear form B associated with L is coercive over HO(Q), i.e.
here exist constants ¢ > 0 and AO = 0 such that

2 2
> -
2.28) Re B(u,u) = cE]hlﬂm a AOIhJHO’Q

b

‘or all u € Hg(ﬂ). Here, c only depends on m and n, and A, on n,m,E, on the

0
argest modulus of continuity of the principal coefficients and on

up {lapq(X)I | x e 2, Ipl,lql<m}.

'roof: See Agmon [1965], p. 75 ff. and Friedman [1969], p. 34 ff. The pre-

eding theorem is a first step of the proof of G;rding's inequality. [

.16, Remarks. Theorem 2.14 also applies to second order operators. Notice
he difference between the theorem on coercivity above. In the second order
.ase coercivity over HI(Q) is proved, but for higher order equations one

as a less strong result, namely coercivity over Hg(ﬂ). Theorem 2.9, on a
pecial second order operator, has no extension for m > 1. Finally, we have
een that if the principal coefficients are constants, and the other zero,
he associated bilinear form is strongly coercive over Hg(ﬂ) for bothm = 1

nd m> 1.




[STENCE OF SOLUTIONS

fhe theory of existence of a solution of the generalized Dirichlet

:m with homogeneous boundary data has its roots in two fundamental re-
, the Riesz representation theorem and the Fredholm alternative for

:t operators in a Hilbert space. In this section first an extension
1sz's theorem is given, known as the Lax-Milgram lemma, which is suf-
it in case the bilinear form considered is strongly coercive. If the
rtar form is coervice only, then the Fredholm alternative is needed to

the existence of the solution.

‘heorem (Lax-Milgram). Let B(u,v) be a bilinear form on a Hilbert

V with inner product (-,°). and norm ||- || and assume that B is

v v?
:d on V, i.e. there is a constant k 2 0 such that for all u,v € V

B, | <k Hlully Nvily,

1at B is strongly coercive over V. Then every bounded linear function-

r) on V can be represented in the form
F(v) = B(u,v)
me u € V, which is uniquely determined by F.

See Friedman [1969], p. 41. [J

'his theorem is a generalization of the Riesz representation theorem
; in agreement with the remark made before, that a strongly coercive

:ar form resembles an inner product.

iorollary. Applying the Riesz representation theorem to (3.1) we can
: a mapping A:V > V by

B(u,v) = (Au,v)v.

. be shown that this mapping A is linear and bounded, that A is sur-
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ective, so that A has a bounded inverse A_]. See e.g. Friedman [1969],
. 41 ff. Consequently, there exists for each g € V a uniquely determined

€ V solving the equation

(Au,v)V = (g,v)V for all v € V,
hich is equivalent to

Au = g

onsidered as an abstract operator equation in the Hilbert space V. O
The following existence theorem is a direct consequence of the Lax-—

ilgram theorem.

.3. Theorem. Assume that the uniformly strongly elliptic operator L has
n associated bilinear form that is strongly coercive over Hg(ﬂ). Then there
xists a unique solution of the generalized Dirichlet problem with homoge-

eous, bouﬁdary data

3.2) Lu=f in @, f € LZ(Q),

3.3) u=0 on 99.
roof: See also Friedman [1969], p. 43. Hg(Q) plays the role of V mentioned
n 3.2, and (f,v)O Q the role of F(v) in theorem 3.1. [

3

Possibly the following diagram can be of help in understanding the
ituation. The differential operator L is an unbounded operator from the
ubset D = {v ¢ Hg(9)| Lv € LZ(Q)} onto LZ(Q), whereas A is a bounded map-
ing from HE(Q) onto itself; I is the bounded imbedding discussed at the
ad of section 2. The bounded mapping I” is defined by the equality (again

1e Riesz representation theorem is used)

*
(Z’IV)O,Q = (I z,v)m,Q,
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vhere z € LZ(Q), v € Hg(ﬂ). Given a f € Lz(Q), the solution of the gener-

alized Dirichlet problem with homogeneous boundary data (3.2), (3.3) can
def

then be expressed as u = Gf A—II*f; from the definition it follows that

~

53 is bounded.

3.4, Corollary. Assume that the operator L satisfies (L1), (L2) and (L3) of

theorem 2.15, and let A, be the constant appearing in (2.28). Then the gen-

0
eralized Dirichlet problem with homogeneous boundary data for the equation
(L+\)u = £ has a unique solution for any X 2 XO.

Proof: The bilinear form associated with L + A, i,e,

BA(U,V) = B(u,v) + >‘(usV)O’Qs

is strongly coercive over HE(Q). 0

What remains is the investigation of the generalized Dirichlet problem
for L + A, with X < AO’ the case in which Bx(u,v) is not strongly coercive
over HE(Q). Without loss of generality we assume A = 0. First the Dirichlet
problem for L + A  is considered in the same fashion as in theorem 3.3 and

0
3.4. The mapping A mentioned in corollary 3.2 is now defined by

on(u,v) = (Au,v)m’Q.

The maps Al and G are introduced consistently with this definition. From

theorem 1.11 we know that the identity mapping

I: Hg’(sz) » 12@)
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s compact. Consequently, the composition
16: 12(2) » L2()

s also compact, for G is a bounded mapping. Having a compact mapping of
2(Q) into itself, we may apply the Riesz-Schauder theory. The following
neorem is based on this theory. For details see Agmon [1965], p. 102 ff.,
ad Friedman [1969], p. 44 ff.

.5. Theorem. Let L satisfy the conditions (L1), (L2) and (L3) (see theorem
.15). Then the Fredholm alternative holds for the generalized Dirichlet
roblem with homogeneous boundary data. More érecisely, if B is the bilin-
ar form associated with L, then for any f ¢ LZ(Q) either there exists a

1ique solution u € Hg(ﬂ) of

3.4) B(u,v) = (f’V)O,Q for all v € Hg(Q),

r the homogeneous equation

3.5) B(v,u) = 0 for all v e Hy(2)

3s a finite number of linearly independent solutions-uj, j=1,...,k, be-

mging to HE(Q), in which case there exists a solution of (3.4) if and

1ly if

(F,u)g o = 0, i=1,...,k;

11s solution is not unique.

coof: Apply the Fredholm alternative to the equation

u - AOIGu = IGf,

1ich is equivalent to (3.4), G being the operator defined in 3.3. [

»6. Remark. It is easily seen that the complex conjugate of B(v,u) is the

(linear form associated with the adjoint L* of L.




SULARITY OF SOLUTIONS

Consider a solution u € Hm(Q) of the generalized Dirichlet problem. In
arity theory the question is dealt with which conditions should be im-
on the bilinear form, such that u belongs to a higher order Sobolev
Hm+k(ﬂ). This question is important for the following reason. Sobo-
theorem shows that, given a non-negative integer k, for sufficiently

j the Sobolev space of order j is imbedded in the space of k times
auously differentiable functions Ck(Q). If a generalized solution is
classical, it therefore has to belong to such a Sobolev space.

Throughout this section L will be the differential operator of order

ven in definition 2.10, and B the bilinear form associated with L.

Global outline. We shall try to give the reader a global idea along

lines the argument of the regularity theory runs. For details ome
ferred to e.g. Friedman [19691]1, p. 47 ff.

The regularity theory is divided into two parts, the first dealing
regularity of the solution in the interior of the domain @, the second
ing the regularity up to the boundary 3Q.

The steps to prove the regularity in the interior are the following.

we observe that the difference quotient with respect to X. i=1,...,n,
oK) = b N u(xthet) - u®) ]
i . . . .
e = (ail""’din)’ Gik being the Kronecker delta, is well defined in

subdomain Q' with Q' < Q, i1f h is smaller than the distance of Q' to

fue Hk(Q), then of course uh € Hk(ﬂ’) for any Q' with Q' < Q. Fur-

ore, it can be shown that if u ¢ Hk(Q), then 1]'.m|luh—Diu||k_1 Q1 and
h~>0 ?
that if u € Hk(Q) and if for any subdomain Q' with Q' < @, Huhllk g <
3

or all sufficiently small h, where c is a constant independent of Q'
k
. H (R) a D. < c.
, then D.u € () and || 1u”k,Q c
The next step to establish interior regularity of the solution is to
that under certain assumptions for the bilinear form B associated

L, which will be specified below, the difference quotient uh of a




function u € Hm(Q) satisfying
- m
B(u,v) = (f’v)o,ﬂ for all v ¢ HO(Q)

is uniformly bounded for sufficiently small h. By passing to the limit

1 > 0 then by means of the result stated above it is proved that Diu e H
i=1,...,n, from which it follows that u € Hm+l(9). This line of reasonin
:an be repeated a number of times, depending on the properties of B.

We now simply state the final results for interior regularity.

t.2. Definition. Let j be a non-negative integer. The bilinear form

B(u,v) = ) (a (x)un,Dpu)O .
Ipl,lqlsm P9 ’

.s said to be j-smooth if the coefficients apq(x), for |pl+j-m = 0, |q]

relong to C|p|+J-m(5).

If this assumption holds, then we denote by K a bound on the first

pl+j~m derivatives of all coefficients apq(x) in Q where |pl+j-m = 0, |q

te3. Theorem. Let 1 < j < m. Assume that

Ll) L is uniformly strongly elliptic in @ with ellipticity module E;
'L2) the coefficients apq(x) are uniformly bounded by a constant M;

:Sj) the bilinear form B associated with L is j-smooth.

.et further f € LZ(Q), and let u € Hm(Q) satisfy the equation
‘ _ m
4.1) B(u,v) = (f’V)O,Q for all v ¢ HO(Q).

'hen for any subdomain Q' of Q with Q' © 2, u belongs to Hm+J(Q'), and t]

nequality

<
4.2) lull s gr e CIENG o+ Null o)

olds; here c is a constant depending only on E, M, K, Q and Q'.

'roof: See Friedman [1969], p. 46 ff., or Agmon [1965], p. 51 ff. [
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4.4. Theorem (regularity in the interior). Let the assumptions (L1), (L2)
and (Sm+k) (i.e., B is (m+k)-smooth) hold for some k > 0, and let f € Hk(Q).
If u e Hm(Q) satisfies equation (5.1), then u € H2m+k

Q" with Q' < Q and

(') for any subdomain

(4.3) lullpge g < € CIENL o+ Null o),

¢ depending only on E, M, K, € and Q'.

Proof: By induction on k. [

Turning our attention to regularity up to the boundary, we first state

the following lemma.

4.5. Lemma. Let B[ (R) denote the half-ball {x ¢ R"||x| < R, x_ > 0}. Then

theorems 4.3 and 4.4 remain true for Q = BB(R) and Q' = Bz(r), where r < R.

Proof: See Friedman [1969], p. 61 ff., or Agmon [1965], p. 103 ff. [J

This lemma gives us regularity up to the "flat" part of the boundary
of the half-ball. The idea of the proof is that the partial derivatives
with respect to X Diu, can be expressed in terms of the other partial
derivatives by making use of .the fact that u satisfies equation (4.1) in
BE(R). Consequently, derivatives along the normal at the "flat" part of the
boundary can be replaced by derivatives along the boundary; hence regulari-

ty up to the part of the boundary that coincides with Bfr—]is established.

Global regularity for an arbitrary bounded region with sufficiently
smooth boundary is proved in the following manner. Cover the boundary 3%
by a finite number of open bounded regions Qi in such a way that Qi ne
can be mapped one-to-one onto a half-ball Bi(Ri). According to definition
1.6 these maps and their inverses are of the same differentiability as the
boundary 3Q. By taking a suitable open set Q. with Q. © Q, Q is completely

0 0

covered. Application of theorem 4.4 in QO and of lemma 4.5 then entails
the following theorem on global regularity. For details, again, see Fried-

man [1969]. In the proof the partition of unity is needed.

4,6. Theorem. Let Q be a bounded region with 32 of class sz, and let as-
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umptions (L1), (L2) and (S.) hold for some j, 1 < j < m. Let further
€ LZ(Q), and let u € Hg(Q) solve (4.1). Then u belongs to Hm+J(Q), and
requality (4.2) holds with Q' replaced by Q.

If, for some k = 0, 30 is of class sz+k, if f € Hk(Q), and if (Sp4y)

Ipl+k 2m+k

olds, i.e. apq(x) e C (R) for all lpl,|lql<m, then u € H (), and

nequality (4.3) is valid with Q' replaced by Q. a
By combining theorem 4.4 and Sobolev's theorem, we have:

.7. Theorem. Let 2 be a bounded region in Hfl, and let L be a uniformly
trongly elliptic operator in @ satisfying (L1) and (L2). Suppose further
hat for some k > 0, but satisfying 2m+k > [n/2], the bilinear form B as-
ociated with L is (m+k)-smooth and the right hand side of the equation
€ Hk(Q). Then the following assertion is true:

If u is a generalized solution of the differential equation Lu = f in
, i.e. if u solves (4.1), then u belongs to CR(Q), where & = 2m+k-[n/2]-1.
ore precisely, u can then be redefinéd on a set of measure zero such that

e X@). 0

This theorem tells us in which case a generalized solution of the dif-
erential equation is also a classical solution. What remains is the ques-
ion when a solution u satisfying the boundary conditions in the generalized
ense (see definition 1.10) also satisfies these conditions in the classi-
al sense, i.e. u € Cm_l(ﬁ) for the Dirichlet problem. The answer is given
y the following theorem, which is a consequence of theorem 4.6 and Sobo-

ev's theorem.

.8. Theorem. Let Q, L, B, £ and k be as in the preceding theorem. Suppose
dditionally, that Q has a boundary of class sz+k. If u is a generalized
olution of the Dirichlet problem, then it can be redefined on a subset of

of measure zero such that u € Cz(ﬁ), where % = 2m+k-[n/2]1-1.

.9. Remark. If, in particular, the coefficients of L belong to Cw(ﬁ), if
€ Cm(ﬁ) and if the boundary of @ is of class Cw, then the generalized so-

ution of the Dirichlet problem is infinitely differentiable in Q.




IER BOUNDARY CONDITIONS

50 far only Dirichlet boundary conditions have been considered. In
section it is shown how some other boundary conditions are dealt with.
>osed to the Dirichlet problem, that allows a uniform treatment for
tons of any order 2m, it is far more difficult to handle other bound-
nditions for equations of order 2m, m > 2, than for order 2. The rea-
>r this difference is to be found in the fact that in the case m = 1
(linear form associated with the elliptic differential operator, as

in section 2, is (strongly) coercive over HI(Q), where in the case
this bilinear form is only coercive over the subspace H?(Q) of Hm(Q).
7e shall restrict ourselves to second order equations.

.et L be the uniformly strongly elliptic operator of order 2 defined
1) and B the bilinear form associated with L, given in (2.7). In this
»n we shall not bother about regularity, and assume that u ¢ HI(Q) and
JZ(Q). The regularity theory of the preceding section is easily ap-

to the examples that follow. The following version of Green's identi-

useful.

sreen’'s identity. For sufficiently smooth 39, aij (i,3=1,...,n),
:0,...,n), u and v the following equality holds:

n _ 9X,

v - Dju do,

B(u,v) = (Lu,v)o’Q + J aij 55

R 1i,j=1
do is a surface (line) element of 39.

lemark. If V is a closed subspace of HI(Q), such that Hé(Q) < V, and
.s a (strongly) coercive bilinear form over HI(Q), it is also (strong-
vercive over any such V. In the following examples we make different
1s for V. An interpretation for these choices of V will be given for

coblem of finding a u € V such that
B(u,v) = (£f,v) for all ve V
0,0

The existence of such a function u follows from the considerations




ade in section 3. If B is strongly coerciv uniqu

s merely coercive, then one has either a u a non-
olution which only exists under certain co holm a

ive, theorem 3.5).

.3. Dirichlet problem. If we take in (5.1) then w

B(u,v) = (Lu,v)0 Q for all v
5

urther, in accordance with section 3, if B ive th

xists one u € Hé(ﬂ) satisfying

B(u,v) = (f,v)0 Q for,all v
H

onsequently, if B is strongly coercive, fo there

uniquely determined generalized solution

5.2) Lu = f in &, u = 0 on 99.
.4. Neumann problem. Let V = H](Q), then f ty it
hat
_ ? axi
JV‘Z: aij_BQ—DjUdO=O i).
aq 1.7l

n 9x,

— = z a.. —=D.,u = 0.
ij 9v ]

o if B is strongly coercive, for each f ¢ mique

ized solution of the problem

5.3) Lu

]
Hh
-
=]
D

I
o
o
=}
(o3
D

29

'S

|-
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which is known as the Neumann problem.

Notice that in the case that L is the operator -A +i, A > 0, Bu/BvL =
= 3u/dv, the derivative taken along the normal to the boundary.

The situation when B is merely coercive is most conveniently explained
for the special case L = -A., The corresponding bilinear form then is the

Dirichlet integral D(u,v), and the adjoint equation
D(v,u) = 0

is solved by all constant functions (more precisely: by all functions whose
first derivatives are zero almost everywhere). Consequently, the Neumann

problem for -A has a solution if and only if

(f,l)O = j fdx = 0.
Q

5.5. Mixed problems. Let 819 be an open subset of 3R, and let 3.0 = BQ\BIR.

2
Choose V to be the completion in HI(Q) of the set of functions ¢ € Cw(ﬂ)
that are zero in a certain neighbourhood of 819. Then V can be interpreted

as the closed linear subspace of all functions HI(Q) that are zero on 3,9,

. 1
for which only a slight modification of lemma 1.9 is needed. Application
of the existence theory to B considered as a bilinear form on V yields the
possible existence of a generalized solution of the mixed boundary value

problem

(5.4) Lu=f in 8, u =0 on 819, Bu/BvL = 0 on 329.
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6. REGULARITY IN DOMAINS WITH NON-SMOOTH BOUNDARIES

In section 4 global regularity of a solution has only been considered
in the case that the domain @, in which regularity has to be demonstrated,
fulfills rather strong smoothness requirements. The question of regularity
of the solution of the Dirichlet problem for the equation Lu = f in a do-
nain with "corners', of which the rectangle is an example, cannot be answer-—
ad in a general manner. Different situations have to be studied in a separ-
ate way. The book of Nefas [1967] is the only one among the books mentioned
in the bibliography at the end of this report, which deals with this sub-
ject at some length. More or less as an illustration, two results for 2-
and 3-dimensional domains respectively, will be reproduced here, the for-

nulation of which is relatively simple, though the proofs are not.

5.1, Definition. A domain 2  R"is said to satisfy the exterior cone con-
lition, if there exists a fixed cone C with a certain given opening, such
chat for each point X, € o2 one can place the cone with its top in X and
further completely outside Q; see figure 6.1.

A domain has the exterior ball property, if there exists a fixed ball
3, such that for each x, € 92 the ball can be placed completely outside

0

7ith x, € 9B, see figure 6.2.

: (&)
Figure 6.1 Figure 6.2

Note that a domain in the plane having a Lipschitz continuous boundary

satisfies the exterior cone condition.

.2. Theorem. Let 2 be a bounded domain in the plane Ithaving a Lipschitz

:ontinuous boundary. Let L be an elliptic operator of order 2m, satisfying
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the conditions (L1), (L2) and (L3). Let also the coefficients of L satisfy

the smoothness requirement

a e clPlTmlg,
Pq
for |pl-m+1 2 0, |q| < m.
If u e Hg(ﬂ) is the solution of the generalized Dirichlet problem with
homogeneous boundary data for Lu = £, f ¢ LZ(Q), then u € Hm+l(Q) and

(6.2) [lull < const. (Hfllo’Q + IIuIIm’Q)

m+1,0

where the constant is some positive number.

Proof: See Nedas [1967], p. 326 £. [

Nelas does not state the result in the above form. We have chosen this

formulation to make it consistent with theorem 4.6 and inequality (4.2).

5.3. Corollary. Let the same Dirichlet problem be given as in theorem 6.2,

but with (6.1) replaced by

+2 =
apq € Clp! (Q)’ ' IPIs[q[Sm:

and with f € HZ(Q) instead of LZ(Q). Then the generalized solution of this

Jirichlet problem can be redefined on a set of measure zero, such that u

is a classical solution, i.e. u € Cm—l(ﬁ) n sz(Q).

>

Proof: Note that if f ¢ HZ(Q), we may consider f to belong to 00(5)’ ac-

zording to Sobolev's theorem (theorem 1.13). From theorem 4.4 it follows

that u € H2m+2(Q') for any subdomain Q' of Q with Q' < Q. Again as a con-

sequence of Sobolev's theorem we find for domains in B#Z quwz(ﬂ')c sz(Q')
for all Q' with Q' < Q, thus u € sz(Q). From theorem 6.2 we infer that

1e @), since B ) « ™(@). O

>.4. Remark. If the bilinear form B associated with the differential opera-
:or L is strongly coercive over H?(Q), and if u is the solution of the gen-

>ralized Dirichlet problem with homogeneous boundary data, then u satisfies




he inequalities
2
E
c IIuHm

here c is some pos
ove by clllfHO’ wh
pperbound into (6.

.2, namely

6.3) Ilullmﬂ’

here the constant
We now conside

.4, Theorem. Let Q
oundary, and satis
perator in Q, sati
.2. Suppose, addit
inear form associa

quation Lu = f, f

Ipl<k-1

roof: The proof is

2en mentioned in t

33

(u,0) = Re(£,w) = NEll, lully,

constant. Consequently, Ihl”m is bounded from a-
is some positive constant. Substitution of this

Wds to a reformulation of the assertion of theorem

mst. ”fHO,Q'

ositive number.
case of a ,3-dimensional domain.

bounded domain in Bf3with a Lipschitz continuéus
the exterior ball condition. Let L _be an elliptic
the same conditions as the operator L in theorem

y, that L has real coefficients and that the bi-
th L is strongly coercive. If u € H?(Q) solves the
k-

), in the generalized sense, then u € C 1(S_Z), and

(x)| < conmst. HfHO’Q .

complicated, and involves concepts that have not

port. See Nelas [1967], Ch. 6 and 7. [J
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